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Abstract 


Just as string T-duality originates from transforming field equations into 
Bianchi identities on the string worldsheet, so it has been suggested that M- 
theory U-dualities originate from transforming field equations into Bianchi iden¬ 
tities on the membrane worldvolume. However, this encounters a problem unless 
the target space has dimension D = p + 1. We identify the problem to be the 
nonintegrability of the U-duality transformation assigned to the pull-back map. 
Just as a double geometry renders manifest the 0{D,D) string T-duality, here 
we show in the case of the M2-brane in D = 3 that a generalised geometry 
renders manifest the SL{3) x SL{2) U-duality. In the case of M2-brane in 
ZJ = 4, with and without extra target space coordinates, we show that only 
the GL(4, R) x R'^ subgroup of the expected SL{5, R) U-duality symmetry is 
realised. 


1 Introduction 


1.1 The Story So Far 

Strings, T-duality and Donble Geometry 

Some time ago [T], it was pointed out that strings moving in an D-dimensional space 
with coordinates X^(r, cr), background metric g^i/{X) and 2-form could usefully 

be described by a doubled geometry with 2il-dimensional coordinates 


ZM ^ 


and doubled metri' 


Gmn = 


Q/iu - B^p gP^ Bo 
-g^^Bou 


BppgP^ 


( 1 . 1 ) 


( 1 . 2 ) 


The motivation was twofold; worldsheet and spacetime: 

1. Worldsheet 

In the case when is the H-torus T^, this renders manifest the 0{D, D) T-duality 
by combining worldsheet field equations and Bianchi identities via the constraint 

djZ^ = Gmn djZ^ , (1.3) 

where 


0 <5/ 

P. 0 


(1.4) 


^MN = 

and is the worldsheet metric. 

2. Spacetime 

In the case when is a generic manifold, the 211-dimensional diffeomorphisms with 
parameter = (^^, A^) suggest a way of unifyinj§ H-dimensional diffeomorphisms 


5gfiy = -d^,^Pgpv - dy^Pgpp - dpgpy^P , 
and 2-form gauge invariance 


(1.5) 


^Bpoj — dpXi/ di/Xp . 


( 1 . 6 ) 


After all, Gmn is just the Kaluza-Klein metric with spacetime metric gpu, gauge field 
and internal metric gab 


Gmn 


g^iv + Ap°'gabAi,^ 
gab-^u 



(1.7) 


^Gmn had previously appeared in [ 2 ] with a different physical interpretation as a metric on phase space. 
^An earlier alternative suggestion [3] was to use the non-symmetric metric + 6 ,^ 1 ^. The two alternatives 
are related by the two-vielbein approach [4]. 
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where the “gauge field” is and the “internal” metric is If this programme 
were successful one would expect the SL{D)/SO{D) coset of general relativity to be 
promoted to an 0{D, D)/{SO{D) x SO{D)), as conjectured in [3l[5]. 

In summary, the worldsheet goal of rendering manifest the string T-duality 0{D,D) 
by doubling the coordinates was achieved successfully in [T] and a T-dual worldsheet 
action using the doubled coordinates was then constructed in [6]. However, there were 
missing ingredients in the spacetime approach: the generalized diffeomorphisms were 
subsequently supplied in HE] 

SGmn = i^dpGMN + — d^iM)GpN + — d^iN)GMP , ( 1 - 8 ) 

and the section condition subsequently supplied in [Hj 

n^^dMdN = Q. (1.9) 

(The need for the section condition has, however, been called into question [^I1U|.1 
Once these ingredients were included, it was possible also to build a generalised space- 
time action for Gmn- This activity came to be known as “Double Field Theory.” 

For further developments and variations on this doubled geometry theme, in addition 
to those already cited, including “Generalised geometry” and the En approach see, for 
example, [8l[^ [mH2] 


Branes, U-duality and M-theory 

Following [T], it was pointed out |43H45j that membranes moving in a {D < 4)-dimensional 
space with coordinates p), background metric g^u{X) and 3-form B^yp{X) 

could usefully be described by a geometry with [D + D[D — l)/2]-dimensional coordinates 




pa) 


( 1 . 10 ) 


and generalized metric 


Gmn = 


gpu + Bpp^ 


y ^pau 




where 




( 1 . 11 ) 


( 1 . 12 ) 


Once again, the motivation was twofold; worldvolume and spacetime: 


1. Worldvolume 

In the case when is the D-torus , the hope was to render manifest the M-theory 
U-dualities (using modern parlance) by combining worldvolume held equations and 
Bianchi identities. For example, the U-duality would be SL{5,R) in the case D = A. 
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The restriction to D < 4 arises because, just as the usual coordinates correspond 
to momentum in the supersymmetry algebra, so the extra coordinates Yf^i, correspond 
to the M2 central charge. But for D > 5, this is not enough, as shown in Table 2 
in [53]. There is also the M5 central charge with corresponding coordinates 
which first appears in D = 5. In Appendix A, we illustrate the emergence of extra 
coordinates from central charges in the M-theory algebra for general D. For example, 
in the D = 7 case Y^^, Y>^'^ ~ and form a 56 of the U-duality 

symmetry £^ 7 ( 7 ). 

2. Spacetime 

If this programme were successful, one would expect the SL{D)/SO{D) of general 
relativity to be promoted not merely to 0{D, D)/{SO{D)xSO{D)) but to Eq/ SO{16), 
with possible infinite-dimensional extensions involving Eg, E\q and E\i as conjectured 
in wmm- Once again, however, the generalised diffeomorphisms, section conditions 
and U-invariant actions came later. This activity has become known as “Exceptional 
Field Theory.” For subsequent developments and variations on generalized geometry 
in M-theory and U-duality see, for example, [T7l[22l - l251l26ll28If30ll47I[5^ . where the 5- 
brane and other extended objects were incorporated, as required for D > 4. The Eu 
approach m goes further with infinitely many coordinates of which those associated 
with the M-theory central charges are but a subset. 

In summary, in contrast with strings where both the worldsheet and spacetime ap¬ 
proaches have been successful, the brane worldvolume approach seems problematical 
and, with the exception of [22l[29|, recent developments have tended to focus on the 
spacetime approach where the extra coordinates ( 11 . 101 ) and generalised metric ( 11 . 111 ) 
have proved valuable. In fact, the worldvolume approach has been questioned by Per- 
cacci and Sezgin [BO], by Sen m, and by Lukas and Ovrut |B2] . They suggest that it 
works only for target space dimensions D = p + 1. In this case, the D\/{{D — p)lpl) 
wrapping modes on a D-torus {D > p + 1) and the D Kaluza-Klein modes are equal 
in number as in the case of a string. Sen argues that this equality is a requirement. If 
so, the D = 3 U-duality SL{3) x SL{2) might be expected, but the D = 4 U-duality 
SL{5), would not. 

In any event, the need to include coordinates corresponding to central charges in the 
M-theory algebra exposes a major difference between U-duality in M-theory and T- 
duality in string theory. In string theory, T-duality takes strings into strings, but in 
M-theory U-duality mixes up p-branes with different p. It seems unlikely, therefore, 
that the M2-brane worldvolume alone is sufficient. Somehow the totality of p-brane 
worldvolumes must conspire to give the full U-duality. This remains an unsolved 
problem. 

Finally we note that the purpose of extra coordinates in both string and M-theory 
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is to render the T and U dualities manifest. If one is content with non-manifest T- 
duality, one may invoke the Gaillard-Zumino (GZ) approach [63], as was done in [64| . 
The GZ approach to U duality is discussed below. 

1.2 This Paper 

This paper is devoted purely to the worldvolume approach. We shall show: 

• There is a problem with SL{5,R), which manifests itself both in the GZ approach 

(which doesn’t introduce extra coordinates), as well as in approaches in which extra 
coordinates are introduced |33l[65]. In the GZ approach, as well as the approach 
of |43] . we shall show that the obstacle to the realisation of SL{5, R) symmetry is the 
nonintegrability of the transformation rule for the pull-back map. In the approach 
of |US|, we shall show that the proposed manifestly i?)-invariant equation for 

a membrane in a target based on generalized geometry does not support linearized 
fluctuations about a Poincare invariant vacuum solution. 

• In the case of topological membranes, the SL{2, R) symmetry is known but we shall 
formulate it in a double geometry setting. 

• We shall rederive the result that the membrane in d -|- 3 dimensions has a Heisen¬ 
berg subgroup of the SL{2,R) symmetry [60], by making use of simple integrability 
considerations. 


2 Topological Membranes 


Although p-branes in p -|- 1 dimensions carry no dynamical degrees of freedom [BB] , they 
are nevertheless of considerable interest. In the present context, they provide us with a 
setting in which we can get a handle on duality symmetries that transform field equations 
and Bianchi identities into each other. Everything we will do here applies to topological 
p-branes for general p, but for simplicity in notation as well as our special interest in M2- 
branes, we shall focus on topological membranes. 

The standard action for the closed membrane is 


I = 



-7 gf,, + diX^^ d.x^ dkXP B 


^ivp 



( 2 . 1 ) 


where in our conventions = -|-1. For the topological membrane we take p = 0,1, The 
SL{3) is manifest. For simplicity, we shall take the metric tensor g^i, and 3-form potential 


® This form of the action is in accordance with the terminology of ‘topological membrane’ we are using 
here. It should be noted, however, that the characterization of membranes as ‘topological’ also arises in 
the context of membranes that propagate in dimensions higher than three but with action that consists of 
Wess-Zumino term and no kinetic term. See, for example | 67 | . In general, branes with pure Wess-Zumino 
terms exhibit a huge symmetry enhancement; see, for example |68| . 
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B^up in the 3-dimensional target space to be constanlo. 

In this case, using the algebraic field equation = diX^^djX'^ we have the identity 

= -l^gep.pE^^^d^X'^dkXP . ( 2 . 2 ) 

Therefore, letting Bpyp = y/—g£pupB, the action can be written as 

1 = ^ J d^aV^{l + B) diXf^ djX-^ dkX^ Sp,p . (2.3) 

We shall, however, use the form (12.11) of the action below, motivated by the fact that this 
form will make it easier to compare with what happens in the case of the non-topological 
membrane. The resulting equations are 

diPi = 0 , 7,, = d^x^^ djX'^ gp, , (2.4) 

where 

p; = -^^^^djX''gp, + d.X-^dkXP Bp,p . (2.5) 

There is also a conserved topological current: 

= 0 , djX>^ dkX ''. ( 2 . 6 ) 


Because we are considering a target space that is three dimensional, we can make the 
definitions 

4 = > Bp,p = B\g4^ ep,p . (2.7) 

Noting that e^^^EpypdjX'^dkX^ = —2(detand that detcIX = \'^\^^‘^\g\~^^‘^, 
we can write P* and J* as follows 

f-i fj, 

Bp = -V^Y^gpuil + B) djX'^ , J* = V^4^gpM-^B Q^X’^ . (2.8) 

From these equations we find 

P; = -(1 + P)b|'/2J^ (2.9) 

Note that this equation readily follows from the form of the action given in ()2.3I) . We may 
now consider linear GL{2,R) = SL{2,R) x R transformations of the form[§ 



'^This is an important assumption. Otherwise the modification in equation dH will obstruct the sought 
after duality symmetry. The spacetime background here can be viewed as being a subsector a time-like 
dimensional reduction of the bosonic sector of P = 11 supergravity down to 8 dimensions, where only the 
fields (< 7 ^ 1 /, are kept, and the 8 dimensioiral Euclidean coordinates are taken to be constants. Iir a 

spacelike dimensional reduction, the signature of the metric would be Euclidean, and we would take the 
8 dimensional spacetime coordiirates to be constant. All of our considerations apply for this case as well. 

®It is understood that there also exists the trivial SL{3,R) x symmetry realised as 5PT ~ + 

>S'*'^^<5p)Pi/ and (5Pp = [RP + JT, where Rp are real traceless matrices and are the real 

scaling parameters. 
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We see that ()2.9p is left invariant provided that |g'| and B transform such that 


C=-{l + B)\g\^/^ 


( 2 . 11 ) 


transforms as 

6C = h + 2aC - cC‘^ . (2.12) 

This can be seen from (12.9p . noting that it implies Cl = P. It represents the inhnitesimal 
form of a fractional linear transformation of the real variable C, and gives a representation 
of the algebra SL{2, R) x R. The fact that this symmetry acts on a combination of g and 
B is a consequence of the fact that the target spacetime is Lorentzian, as noted in |60j . 

To make the SL{2, R) symmetry manifest, we introduce a doubled system of coordinates 
with 0 = 1,2, such that and 

= v^Y^gr^/^g^ud.z^'^ , j* = . (2.13) 


This doubling of coordinates is in accordance with the generalized target space geometry re¬ 
cently studied in |69j for maximal supergravity in eight dimensions. Using these definitions, 
it follows that ()2.9I) can be written as 


d.Z'^t^ = G'^’^ehcd.Z'^'^, 


(2.14) 


where 


B \ 

\ B \g\B^B^-l)J 


(2.15) 


transforming by conjugation under SL(2, R). Note that det Gab = —Ij such that the product 
(det Gaf,)(det= 1. Denoting the inverse of this metric by Gab, it transforms under 
infinitesimal SL{2, R) transformations as 6Gab = ^a^Gcb + ^b^^Gac, with A as given in 
(j2.1Up . Written out, this gives 


6gB^ = 2c\g\B-2d\g\^/\ 5B =-b\g\-B^ - c\g\B\B^ - 1) . (2.16) 


Using these rules, the transformation of —\g\^^‘^{l + B) indeed gives the result (r2.12p . De¬ 
manding manifest SL{2,R) invariance thus hxes the separate variation of g and B under 
SL{2,R), not just its combination (|2.11l) . 

It is important to note that the SL{2,R) transformation under which {diZi^,diZ 2 p) 
forms a doublet is embedded into (I2.10p with a held-dependent scale transformation with 
parameter 

X =-a + \c{3 + B) , (2.17) 

O 

as can be determined from (I2.13p . 

Turning to the key equation (I2.14p . it can be written as PabdiZ^i^ = 0, where Pab = 
^{Gab — ^ah) is a projector, and it amounts to 

= \g\^/^{l + B)^iZ^^^ . (2.18) 
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Acting with Vj does not yield the field equation di = 0. However, the 

latter is identically satisfied for the topological membrane, since 

di = -Idi (^^e^,p£^^>^djX''dkXP^ = 0 , (2.19) 

recalling that the target space metric is constant. 

It is instructive to perform a double dimensional reduction [TO] of (I2.14p . To this end, 
we let 

Bpu2 = \g\^^^ep,B , ( 2 . 20 ) 

where gi_iu,4> and B are constants. Note that = y/~g- Choosing the gauge 
and letting 82 Z°''^ = 0 gives 

% = 2 ) ’ diX^d.X'^gp, - llij^’^^dkX^deX'^gp, = 0 . (2.21) 

It follows that (j2.14p . or equivalently (|2.18p . holds for the topological string, where the 
indices now run over two values, namely, i = 0,1 and g = 0,1. Setting i = 2 and (1 = 2 
in (j2.18p fixes giving it a linear dependence on the coordinate cr^. Comparing (j2.14p 
for the topological string with (11.31) . they are in fact, contrary to appearance, the same 
equation, with the identification and This can be seen by 

writing m as 

G^^SbcSpue^^djZ^’^ = gp^V^Y^djZ'^’^ , ( 2 . 22 ) 

where g^u = \g\~^^'^g^lu■ Thus 

G^^ShcSpuS^^djZ^’^ = = -e^^Ep.djZ^’^ , (2.23) 

where we have used the formula for the determinant of djZ^'' in the second equation. From 
this we conclude 


/ (pg^iu 0 \ 

V 0 rv 


G^^bcdjZ^'' = -djZ^'' , (2.24) 

showing the equivalence of (|2.14p and (11.31) . up to a relative sign which can be attributed 
to convention choices. 

3 Membrane in D = 8 

The M2-brane action in H = 8 can be obtained from the M2-brane action in H = 11 
by dimensional reduction on 3-torus. The bosonic sector of such a reduction has been 
studied in [62] where SL{3, R) x SL{2, R) symmetry could not be established. In a different 
approach aiming at a direct construction of an M2-brane action in H = 8 which couples to 
all the bosonic fields of the maximal supergravity theory in which the SL{3, R) x SL{2, R) 
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symmetry is built in manifestly has been proposed m- However, the condition of SL{2, R) 
symmetry puts nonlinear constraints on the field which have been solved only in a fashion 
that exhibits a two parameter subgroup of SL{2,R) as a symmetry. More specihcally, the 
bosonic sector of maximal D = 8 supergravity has the fields 

, m = l,2,3, r = l,2 (3.1) 

where the seven scalars parametrize the coset {SL{‘i,R)/SO{8)) x {SL{2, R)/SO{2)), the 
vector helds transform as (3,2) of SL{3, R) x SL{2, R). The field strength of the 3-form field 
is combined with the dual field strength for a doublet of SL{2, R). The gauge invariance of 
the pullbacks of the field strengths of the 1,2,3-form potentials requires the introduction 
of world volume fundamental potentials, resulting in the field strengths h’’ = dR — W + 
• • • ; Qm = dcm — Qm + ' " and Z™'' = , where the underlined fields are 

the pullback of the target space forms. The action proposed in m then takes the form 
^ ~ I * RGrs) where A is a Lagrangian multiplier field, Grs is 

SL{2,R) matrix parametrized in terms of the SL{2, R)/SO{2) coset scalars and is a 
function of the field strengths Duality relations for these field strengths are 

imposed by hand in addition to the field equations that follow from the action to ensure 
the correct number of propagation degrees of freedom, namely the 5 scalars coming from 
and 3 scalars The resulting field equations have not lent themselves to a solution 
in general, however, and a special solution discussed in m breaks SL(2, R) symmetry. 

Our approach here is instead to consider a membrane propagating in D = 8 dimensions 
and coupled to the target space metric and 3-form potential only, and to study the duality 
symmetry of the standard membrane action. The background can be viewed as the trun¬ 
cated version of the maximal supergravity. In fact, all considerations below apply equally 
well to p-branes in d + p dimensions propagating in the background of a metric and p -|- 1 
potential. We thus consider an 8 -|- 3 dimensional space-time with coordinates 


X^ = (x^p“), p = 0,...,7, a = l,2,3, (3.2) 

with being in the time direction. We take the background geometry to have the form 


/ g^luix) 0 \ 

V 0 gagix)J 


9(3) 9^.v 


0 


0 ^(3) dap 


(3.3) 


where g(^( = det g^p and gap are assumed to be SL{2, R) invariant, and k is an exponent 
to be determined. We take the only nonvanishing component of the 3-form to be Bap^^, and 
assume that all the target space background fields to depend on only. Thus, the action 
is 


I = 


j d^cr {dix'^djx‘'g^^{x)+diy'^djydgapix)^ + 


+^£:''^^diy°'djy^ dky'^ Bap^ix) 


(3.4) 
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In maximal supergravity theory in li) = 8, the fields {ga/S, contain five scalars that 

parametrise the coset SL{3, R)/SO{3) and two scalar parametrising the coset SL{2, R)/SO{2). 
In addition to these fields and the metric there are two triplet of vectors, g^^a and 


that transform as (3,2) under three 2-forms that transform as (3,1) under the U- 


duality group SL{3,R) x SL{2,R). We are neglecting the latter fields below, with the 
expectation that they would not effect the realisation of SL{3, R) x SL{2, R) U-duality 
symmetry at the level of duality rotations on the worldvolume of the membrane in D = 8, 
should such symmetry exist at al@. 

Turning the action (|3.4p . it implies that the induced worldvolume metric is given by 


lij = g(3) 9tMu dix^djx'' + 5(3^)^ gag diy’^djy^ 


(3.5) 


and the field equations are 



(3.6) 


where 




There is also a conserved topological current: 


= 0 , djv^ dkv^ 


(3.8) 


such that, defining 



(3.9) 


we have 


PL = - b) gag d,y^ , 

4 = Uag-yR^^ = g-J^^\agdjyf^ 


1 

2 


(3.10) 


where is the inverse of 


Vij = «9j2/“«9j4 gag ■ 


(3.11) 


We can combine these equations as 



® All fields have been kept in [B2] where SL(3, R) x SL{2, R) duality as duality rotation symmetry on the 
membrane worldvolume is sought but not found. 
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where 


(3.13) 


= 


(7-' 


^ i/-det (7 ^V) 

In [60], the self-consistency of (I3.12P was studied in detail, and it was shown that a 
two-parameter subgroup of SL{2, R) can be realized. In doing so, the complicated trans¬ 
formation rule for the induced metric, which is no longer a scaling transformation we saw 
in the case of topological membrane, was taken into account in |6oj^ . 

Here, we shall avoid this complication and show that this same result can be derived 
more simply from the integrability of the transformation rule for Assuming that 

and transform as in (I2.10p . we can compute the transformation of by using (|3.8p 
and (|2.10l) . hnding 


) H - cx‘ 

As discussed above, the integrability of this variation is in general not guaranteed, even 
on-shell. Clearly the a transformation is always integrable, and so the remaining question 
is whether the c transformation in (|3.14p is integrable. In order to test this on-shell, it will 
suffice to consider a particular membrane solution for which gp^c, = rjpc, and we take 


djV^ . (3.14) 


SdiV^ = 


—a c(l -|- —B -|- —trAl) 

O ^ 


= cr^ , = constant for 1 < p < 7, 

= a ai cos(a;(7°), = a ai sin(a;(T'^), = /3(T2 . (3.15) 


Thus we have the induced metric 


lij = diy'^ djy^ 5ap + diX>^ djx'' , 


(3.16) 


giving 

700 =-l + aVcr?, 711 = 722 =/3^ • (3.17) 

It is straightforward to verify that this is a solution of the equations of motion. We see that 
in this background 

X — itr X = diag (/, h, h ), 

/ = —^awcJi (1 — — (awcxi)”^ (1 — , 

h = (1 — . (3.18) 

Let us consider the transformations ddiy'^ and 6 d 2 y‘^ under c, which from (|3.15l) . (I3.14p and 
(I3.18P will therefore give 

^diy^ = 0, 6d2y‘^ = c(3h. (3.19) 

Checking the integrability, we see from the first equation that d 2 Sdiy^ = 0, whereas from 
the second equation di 5 d 2 y’^ = 7^ 0. This example is therefore sufficient to show that 

[13] only the second term is kept, and therefore it effectively deals with membrane in D dimensional 
target where a = 1, ...D. 


10 






















the proposed transformation for 6diy°‘ under the c transformation, subject only to the use 
of the membrane equations of motion, is not integrable. 

Choosing k = —equations (j3.12p transform properly under the remaining SL{2,R) 
transformations 



(3.20) 


provided the background parameters g and B transform according to (I2.16p . As a conse¬ 
quence, the transformation of the induced metric takes the form 

7*.- , = -y (3.21) 

Equations (12.9p can be combined as 


xU . 


(3.22) 


The presence of the matrix shows that the duality symmetry of this equation is the 
Heisenberg group with the underlying algebra parametrized as in (13.201) . 


4 Membrane in D = 4 

In this section we shall study the action (|2.ip for D = A target spacetime with Lorentzian 
signature. In this action (12.11) . the target space fields can be interpreted as the bosonic 
sector of = 1,11 = 4 supergravity in which the cosmological constant is dualised to a 
3-form potential I73H75]. Supermembrane action in this setting exists [nniii] and it has 
been studied in detail in m- The spacetime background can also be viewed as being a 
subsector a time-like dimensional reduction of the bosonic sector of H = 11 supergravity 
down to 7 dimensions, where only the helds B^^p) are kept, and the 7 dimensional 
Euclidean coordinates are taken to be constants. In a spacelike dimensional reduction, the 
signature of the metric g^i, would be Euclidean, and again, we would take the 7 dimensional 
spacetime coordinates to be constant. Our considerations apply to this case as well but we 
shall adhere to the Lorentzian signature for concreteness. 

We shall consider two approaches to the problem of duality rotations in this theory. 
In the first approach, due to Gaillard and Zumino [63], there is no need to introduce any 
extra coordinates. Rather, one examines the consistency of the duality rotations, since the 
definition of the conjugate momentum held associated with the worldvolume scalar helds 
involves the topological current whose conservation is the Bianchi identity. In a second 
approach considered in |43It45] . one introduces extra coordinates in order to try to achieve 
a manifest realization of the duality symmetry. 
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4.1 Gaillard-Zumino approach 


The equations of motion for a membrane in a four-dimensional target space with coordinates 
X^, (/r = 0,3) can be written as 

diPl = 0 , = diX^^ djX’^ , (4.1) 

where 

p; = (4.2) 

and 

= P^^djX^dkX'^ . (4.3) 

It is important to note that (j4.3p implies the relatioii^ 


It will also be useful to note the relation 




(4.5) 


The question then is what is the largest set of transformations that transforms and 
into each other in a consistent manner, such that the system of field equations diPJ^ = 0 
and the Bianchi identity diP^'^ = 0 remain invariant. 

Our task is to check whether the equations of motion are invariant under SL{5, R) 
transformations which can be parametrised as 


\M _ 
A M — 


+ 




Q^u/ipa ' 


r./^po' 


_1 pjypo-i 

—a 


(4.6) 


where is traceless. It acts on a 5-plet of SL{5,R) as 6Vm = —R^m Vp- Thus, defining 
the components of a triplet of second-rank antisymmetric tensor of as := P^ and 

^liiy ■= it follows from = 2A.^K]^]p that 


P''P y \Pf”) 


(4.7) 


where 5pa = ^ (SpS^^ — SpS^) ■ Next, assembling {gpv,Bp,yp) into a symmetric SL{5,R) 
matrix Gmn, where M, N = 1,..., 5, with identifications 


Gpu = g-^/^gpu , Gp 5 = G^p = , 

G55 = (1 + = BP'^PBp^p , ( 4 . 8 ) 

®We use the convention = —£012 = 1 
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it follows from SGmn = that 

^9jj.u 2q, 9u)ct ~I~ g Ys^ ' 9iJ,u c ^ , ('^•9) 

= 3o Bpp'^u + — Ys^ ' Bpup “1“ bpi/p -j- Cpyp , (4.10) 

where indices are lowered on the parameters using the metric Qpy, and we have defined 
c- B = c^^'^B^is^. Next, the variation of can be found from (j4.2p by using the variations 
(j4.7p . (14.op and p4.10p . The result is 

-^(^a + ^c-B^ + \c\prP + \cP''PB,p,p- . (4.11) 

In deriving this variation, one makes use of the identity B^i^p = ^c- BB^yp, which 

can be proven by writing c^'^p and Bp^p in terms of dual vector fields. Finally, from the 
variations above, one can also determine the variation of by using p4.5p . finding 

hij = ^ 


where 

e = ^ e^^^diXPdjX^dkXP cp,p . (4.13) 

Now we turn to a key test for the above transformation rules, which is the requirement 
that the transformations of and must be compatible with equation p4.4p . 

The question of whether this nontrivial condition holds was raised in [60]. In fact, as we 
shall show here, it does actually hold. Firstly, the invariance of (14.4p under the a- and 
6-dependent transformations is manifest. The nontrivial check is the invariance under the 
c-dependent transformations, which requires that 


+ \ejr - cP\F^ . 


(4.14) 


The first three terms sum up to zero since = Q identically. The remaining three 

terms also sum up to zero, upon using the fact that diXPdjX'^ = gp'^ — nPn'^, where nP is 
normal to the brane in the target space, i.e. diXP gpy tX = 0. There remains, however, the 
condition that the variation of diXP, which follows from the first equation in p4.3p . must 
be curl-free. Using (14.111) and (|4.12l) in the first equation in (|4.3p we find that 


SdiXP = 


aP„ - 


\(^a+^-c-B + \e^5P + \cP^f^Bo^0, 


d,X^ + ]- cP^p^-Pj^ 
2 V=7 


Thus the integrability condition amounts to 


0 = dj5dkXP = -^e^^^djsdkXP + ^e^^^cPp^ dj ( 


Ike 


jipa 


-7 


(4.15) 


(4.16) 
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Using the field equation Vid^X^ = 0, this equation can be simplified to read 

0 = c,p, , (4.17) 

where we have defined 

= ViCPX^^djX'^^ . (4.18) 

As we did earlier, we can most conveniently check this equation by considering a particular 
membrane solution namely 

X^ = (cj°,acri cos(ti;cj°), acJi sin(a;(T°),/3 cj2) , (4.19) 

which solves the equations of motion (14.11) . If suffices to consider the integrability condition 
(j4.16l) for z = 0 and /i = 0. It is then immediately evident that the first term on the 
right-hand side of (14.161) gives zero, whereas the second term gives a non-vanishing result 
that is proportional to the parameter c*^i 2 - Thus the integrability condition is not satisfied, 
and so the proposed SL{5,R) transformation of diX^ is not valid. 

The subgroup that is consistent with the curl-free condition is therefore the semi-direct 
product GL(4, i?) k generated by a, a^p, and 6pi/p. 


4.2 Introduction of Extra Coordinates 


In seeking a manifestly realised SL{5,R) symmetry, six extra coordinates were introduced 
in [l3], such that together with the four coordinates of spacetime they form a 10-plet of 
SL{5, R). The extra coordinates are antisymmetric tensorial, and are denoted by The 
field equations and Bianchi identities of the membrane were cast into a manifestly SL{5, R)- 
covariant form. However, the equations satisfied by the extended system are problematic, 
and this can be seen as follows. Setting = 0 and taking gpi, = for simplicity, these 
equations take the form [43] 




2Y^'^djYf^‘'dkX^ , 
e^i^djX^dkX'^ . 


(4.20) 


Taking the curl of the second equation gives the integrability condition 


= 0 , (4.21) 

where we have used the field equation = 0 to simplify the result. This integrabil¬ 

ity condition, which implies second-order differential constraints over and above the field 
equations, therefore poses a problem with the desired SL(5, R) duality-symmetric system 
of membrane equations. Note also in the GZ approach as well as the approach in which 
extra coordinates are introduced, the obstacle to the sought-after SL{5, R) symmetry is the 
nonvanishing of the expression dehned in (|4.18l) . 


14 








A different proposal has been made in [65] , where the original coordinates are embedded 
into an SL{5,R) 10-plet via 

The following SL(5) covariant equation was proposed in [65] : 

djZ^^dkZ^^GpQ . (4.23) 

Here c is an arbitrary constant, and the induced SL(5)-invariant metric is given by 

= -\^diZ^^djZMN . (4.24) 

where SL{5,R) indices are raised and lowered with the metric Gmn- Note the scale in¬ 
variance of the equation (I4.23P under the rescaling Z —> \Z . The duality equation (I4.23P 
induces the equations of motion 

V^diZ^^ = 0 , (4.25) 

which resemble the original membrane equations of motion, except that the worldvolume 
metric is now replaced by the SL(5)-invariant metric Tjj . The curl of (I4.23P also implies 
the integrability equation 

Vid^Z^^^djZ^^^GpQ = 0 . (4.26) 

Unlike the previous proposal discussed above, this does not yield an immediate contradic¬ 
tion, since it involves the original as well as the new coordinates. Indeed, taking 
Bfiup = 0 and g^i, = we see that the equation (|4.23l) gives 

= -ce^^^djYf^'^dkX^ , (4.27) 

= ce^^^djXf^dkX'^ + ce^^’^djY^^^dkY’^^ . (4.28) 

Apart from the fact that the induced worldvolume metrics are different, we see that the 
second equation above contains an extra term, in comparison to that given in ()4.20l) . Con¬ 
sequently, its integrability condition will indeed mix X^ and Y^’^, thereby avoiding an 
immediate conflict. However, to test whether the system described by (I4.23P makes sense, 
we should also examine the spectrum of small fluctuations around a vacuum solution that 
respects the worldvolume Poincare symmetry. 

Such a background can be taken to be given by 

Gmn = Vmn , diZ^^ = , (4.29) 

where A is an arbitrary constant, rjMN is the SO{p,q) C SL{5,R) invariant tensor, and 
specihes the embedding of 50(2,1) into SO{p,q) C SL{5,R), for which we choose 
the canonical normalization 

[ai,aj] = Eijka^ ■ (4.30) 
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Owing to the scale invariance of (I4.23p . the parameter A drops out, and for convenience we 
choose it so that we may identify the worldvolume metric (j4.24p with rjij = diag(—, +, +): 


Tij = ^-^^Tr (o-ifjj) = riij . (4.31) 

Equation ()4.23p then yields 

[ui.aj] = cA = 1 . (4.32) 

Denoting the spin of the representation Uj by j (assuming the representation carries a single 
spin), we have the relation 

Tr (cjicjj) = ^ j(j + l)(2j + 1) mj , (4-33) 

which together with (I4.3ip determines 

= \j{j + l){2j + l) . (4.34) 

D 

Defining the fluctuations around this background as 

ZMN ^ -^MN ^MN ^ ^ 4 ^ 35 ^ 


we fix the gauge freedom of worldvolume diffeomorphisms by imposing 


4>mn = 0 


The expansion of equation (I4.23P to linear order in the fluctuations then gives 
lf^dj4>MN + {(yj M^dk<PPN — <yjN^dk4>PM) = 0 . 


(4.36) 


(4.37) 


The final analysis depends on the particular choice of generators (Ji embedding 50(2,1) 
into SL{5,R). Three inequivalent choices correspond to the decompositionJ§ 


A) : 5^5, 

B) : 5^3 + l + l , 

C) : 5 ^ 2 + 2 + 1 . 


(4.38) 


For case A), using an explicit spin-2 representation for the generators Uj implies that the 
invariant tensor tjmn is of signature (2, 3), and one may verify that equation (I4.23P reduces 
to 


® We do not consider the decompositions 5 —>■ 2 + 3 and 5 
symmetric invariant rjMN- 


(4.39) 

1 + 4 because they do not allow for a 
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for the components cfyijk = {(y{i(yjcrk))^^(pMN surviving the gauge condition (I4.36p . This 
shows that around this background the fluctuations do not admit any non-trivial dynamics. 

Similarly, in case B) equations (|4.23l) restrict the fluctuations to 

= 0 , = 0 , 5i(/)45 = 0 , (4.40) 

which again kills all dynamics for the fluctuation components surviving the gauge condi¬ 
tion (|4.36p . 

Finally, in case C) the background is most conveniently given in terms of the ’t Hooft 
symbols 

^ ^ r?M4 . (4.41) 

(with ?744 = — 1). In this case, the degeneracy of the spin 1/2 representations introduces an 
additional factor of 2 into (14.341) , such that c = ^ ■ The fluctuation equations from (I4.23P , 
together with the gauge condition (|4.36p . imply that 

dicjiAb = = 0, (4.42) 

which again kills all dynamics for the fluctuation components surviving the gauge condition. 

5 Conclusions 

Using the p-brane worldvolume approach to U-dualities, we have conhrmed that there is a 
problem when D ^ p + 1, focusing on p = 2 in H = 4 where the expected SL{5, R) fails 
to materialise, and p = 2 in D = 3, which we refer to as the topological membrane, where 
the expected SL{3) x SL{2) does arise. In the case of the topological membrane, we have 
introduced extra coordinates to make the U-duality symmetry manifest. The features we 
have found for = 4 are the same whether we use the approach where extra coordinates 
are introduced in order to make U-dualities manifest [43(165]. or in the Gaillard-Zumino 
approach where the symmetries are not manifest. In the latter approach, as well as that 
of [l3], we have shown that the SL{5,R) U-duality fails due to the nonintegrability of 
the transformation rule of the pull-back map. In the approach of m where a manifestly 
SL{5, i?)-invariant equation is proposed for a membrane in a target based on generalized 
geometry, we have shown that these equations do not support linearized fluctuations about 
a Poincare invariant vacuum solution. 

These problems extend to the worldvolume treatment of Berman and Perry [22] , and also 
to the approach in Hatsuda et al. [29|, which reformulates the diffeomorphism constraints for 
an M2-brane coupled to a supergravity background in T) = 4 in an SL{5, i?)-covariant form. 
In both cases the problem is that they use transformation rules that are not integrable, for 
the reasons we have explained above More specihcally, in [29] . the SL{5, R) transformations 
of the time components and are used to assert the SL{5, R) invariance of the Hamil¬ 
tonian constraint, which is a quadratic form in these variables. By worldvolume Lorentz 
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symmetry, however, also the space components must transform in the same way, which is 
equivalent to our (j4.7|) . Then, our discussion leading to the nonintegrability of the resulting 
transformation rule for diX^^ continues to be an obstacle for SL(5, R) invariance. We expect 
this will also appear in the case of 50(5, 5) symmetry of M5 branes that has been proposed 
in [30]. 

Going beyond 0 = 5 only exacerbates the problem, since the U-duality multiplets 
involve the M5-brane charges as well the M2-brane charges and the momentum, as shown 
in the Appendix. One possible approach to this problem may be along the lines studied 
in m for the case of M2-brane in O = 8. In this approach, firstly one keeps all the 
target space fields arising in the dimensional reduction of O = 11 supergravity down to 
d dimensions. Next, one ensures the gauge invariance of the pull-backs of all the target 
space form fields by introducing appropriate worldvolume potentials, in the same way the 
worldvolume vector fields are introduced in D-brane actions. Then, one imposes suitable 
duality equations that exhibit the expected U-duality symmetry group manifestly, while 
maintaining the correct number of degrees of freedom. The challenge in this approach 
is to resolve the resulting highly nonlinear constraint equations in a way that maintains 
the U-duality symmetry. So far, these equations have been solved for a restricted class of 
supergravity background such that only the two parameter Heisenberg subgroup of SL(2, R) 
we encountered in our treatment of membrane in D = 8 has been realised m- 

The En(^n) symmetry of D = 11 supergravity compactified on the torus T”’ also arises 
if ten-dimensional type IIA or IIB supergravity is compactified on the torus An 

alternative approach to hnding a worldvolume realisation of these U-duality symmetries 
could be to look at string theories in (n — 1) dimensions rather than the membrane in n 
dimensions. Ideas along these lines have been pursued in [78H81] . 
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A Supergravity Compactifications 

Recall that the ll=dimensional M-theory super algebra is given by [82] : 

{Qa,Q/3} = {T^C)^^PM(r^^C)^^ZMN+{r^^^^^C)^^ZMNPQR. (A.l) 

where Qa transforms as 32 of ^©(lO, 1). The total number of components of all charges 
on the RHS is 

11 + 55 + 462 = 528, (A.2) 

which is, algebraically, the maximum possible number since the LHS is a symmetric 32 x 32 
matrix. The spatial components of the momentum Pi and the central charges Z 2 , Z^ are 
associated with the plane wave Wl, the 2-brane M2 and the 5-brane M5; the temporal 
components are associated with their duals, the KK-monopole K6, and objects we can call 
K9 and WIO. 

After dimensional reduction to n dimensions, the 528 charges will form representations 
of SO{n — 1,1) X SO{D) as in ()A.3p . 



p 0 

1 

2 

3 

4 5 

n = 11 - 

D 





11 


11 

55 


462 

10 

1 

10 + 10 

45 


210 252 

9 

(1,3) 

(9,3) 

(36,1) 

(84,1) 

(126,3) 

8 

(1,6) 

(8,4) 

(28,2) 

(56,4) 

(70,3) 

7 

(1,10) 

(7,6) 

(21,6) 

(35,10) 


6 

(1,16) 

(6,12) 

(15,16) 

(20,10) 


5 

(1,28) 

(5,28) 

(10,36) 



4 

(1,56) 

(4,64) 

(6,36) 



3 

(1,120) 

(3,136) 




2 

(1,256) 

(2,136) 




1 

528 






However, the charges carried by the waves, branes and monopoles do not fall into rep¬ 
resentations of SO{n — 1,1) X SO{D) because they discriminate between the temporal and 
spatial components. For example, writing M = (0,/) with I = 1,2, ...10, the 45 S'O(IO) 
M5 charges are given by Zjj and the 10 K9 charges by Zqj or equivalently Zjjklmnopq- 
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7 


8 


9 10 


These SO{n — 1) x SO{D) reps are given in ( IA.4I) . 

p 01234 56 

n = 11 — H 


11 


10 

45 



252 

210 

10 1 

10 

1 

9 + 9 

36 


126 

126 + 126 

84 

9 1 + 1 

9 

(1,3) 

(8,3) 

(28,1) 

(56,1) 

(70,3) 

(56,3) 

(28,1) 

(8,1) (1,3) 

8 

(1,6) 

(7,4) 

(21,2) 

(35,4) 

(35,6) 

(21,4) 

(7,2) 

(1,4) 

7 

(1,10) 

(6,6) 

(15,6) 

(20,10) 

(15,10) 

(6,6) 

(1,6) 


6 

(1,16) 

(5,12) 

(10,16) 

(10,20) 

(5,16) 

(1,12) 



5 

(1,28) 

(4, 28) 

(6,36) 

(4,36) 

(1,28) 




4 

(1,56) 

(3,64) 

(3,72) 

(1,64) 





3 

(1,120) (2,136) 

(1,136) 







2 (1,256) (1,272) 

1 (1,528) 

(A.4) 

Note that only the 0-brane charges can be assigned to a representation (fundamental) of 
the non-compact U-duality as opposed to its maximal compact subgroup. In H = 3, for 
example, we have the (3, 2) of SL{3) x SL{2) with generalised coordinates 

Z^ = iX>^,Yp^) p = 1,2,3 (A.5) 

In 71 = 4 we have the 10 of 5L(5) with generalised coordinates 

Z^ = {X>^,Yp^) p = 1,2,3,4 (A.6) 

In 71 = 7 we have the 56 of with generalised coordinates 

Z^ = {X^^,Yp^,Yxr,X'^) // = 1,2,3,4,5,6,7 (A.7) 
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